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■ Introduction!
– Idea of nonlinear wide-band vibration energy harvesters!
– Well-known difficulty - coexistence attractors!

■ Proposition: use of the principle of self-excitation and 
entrainment!
– Load resistance switching!
– Global stability of highest-energy solution!

■ Experimental verification!
– Steady-state!
– Transient!

■ Conclusions
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■ Linear energy harvester has “power-bandwidth trade-off”.!
■ Four categories of wider-band energy harvester: (Tang et al., 2010)

Wide-band vibration energy harvester (VEH)

3

induced an additional stiffness on the beam and in turn
adjusted its resonance frequency. The power output of
the prototype device, with a volume of 50 cm3, was
reported to be 240!280mW operating at an acceleration
amplitude of 0.8m/s2 over the frequency range of
22!32Hz. Power output was undermined as the damp-
ing increased during the tuning procedure, as shown in
Figure 14. Given the maximum tuning distance of 3 cm,
the required energy was 85mJ and it would take around
320 s for each tuning procedure, which means the har-
vester can only work where the excitation frequency
changes slowly. Besides, like the aforementioned
designs, no ‘smart’ controller for resonance tuning pro-
cess was implemented.
Reissman et al. (2009) also demonstrated a tuning

technique using variable attractive magnetic force, as
shown in Figure 15. With this design, the resonance of
the piezoelectric energy harvester could be tuned
bi-directionally by adjusting a magnetic slider mecha-
nism. This is much simplified, as compared with the
design of Challa et al. (2008). The effective stiffness of

the piezoelectric beam was dependent on the structural
component Km, the electromechanical component Ke

that varied with external resistive loading Rl, and the
magnetic stiffness Kmagnetic that varied with the relative
distance D between the two magnets, that is:

Keff ¼ Km þ Ke Rlð Þð Þ þ Kmagnetic Dð Þ ð3Þ

According to the concept of a potential energy well,
by tuning the vertical relative distance Dy of the two
magnets, the resonance could be tuned bi-directionally,
as shown in Figure 16. For a fixed Dx, the maximum
frequency achieved was 99.38Hz, at Dy¼ 0, and the
lowest frequency was 88Hz at Dy¼ 1.5 cm, as shown
in Figure 17. Hence, the total bandwidth of the harvester
was 11.38Hz, including the resonance frequency shift
from short-circuit to open-circuit condition due to the
piezoelectric coupling.

Zhu et al. (2008) proposed a similar setup using mag-
nets for resonance adjustment, but they further imple-
mented a smart controller for tuning procedure. The
linear actuator, as shown in Figure 18, adjusted the dis-
tance between the two magnets, tuning the attractive
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Figure 12. Resonance frequency vs the position of the gravity
center of moveable mass.
Source: Wu et al. (2008).
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Figure 14. Experimental power output vs tuned resonance
frequency.
Source: Challa et al. (2008); copyright, IOP Publishing.
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Figure 13. Schematic of the resonance tunable harvester.
Source: Challa et al. (2008); copyright, IOP Publishing.

Figure 15. Schematic of the resonance tunable harvester.
Source: Reissman et al. (2009); copyright, SPIE.
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When excited by mechanical vibrations, the device
charged the storage capacitor and when the voltage
across it reached the upper and lower threshold, the cir-
cuit would connect and disconnect to deliver the energy
to power a wireless sensor that transmitted the measure-
ment. The switching time, that is, the time interval
between two measure-and-transmit operations, of a
single active cantilever and combined cantilevers under
different excitation frequencies are given in Table 3.
It was observed that under resonant excitation, that is,
at either f1, f2, or f3, the corresponding single cantilever
in the array could alone trigger the transmission, but

a single cantilever could not do so at off-resonance fre-
quency f4. Conversely, with the complete converter
array, the converted energy was high enough to trigger
the transmission for all the tested frequency, including
f4. Besides, the shorter switching time was obtained
using the converter array rather than a single cantilever.
It was expected that the wider bandwidth and improved
performance were worth the modest increase in size of
the proposed array device.

Broadband energy harvesters with cantilever array are
also implemented compatibly with current standard
microelectromechanical systems (MEMS) fabrication

Ten bimorphs in series connection
Single bimorph with h=0.33mm
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Figure 33. Power output vs frequency for two cases: a single PB and 10 PBs connected in series with various thicknesses.
Source: Xue et al. (2008); copyright, IEEE.

Figure 32. Schematic of the harvester with multiple PBs.
Source: Xue et al. (2008); copyright, IEEE.
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of such a two-stage energy harvester is shown in
Figure 38. When the tooth passes and impacts on the
cantilever tip, the cantilever will be excited and, then,
freely vibrates at its natural frequency. Thus, the low-
frequency vibration of the primary vibrating unit (i.e.,
the mass) can be transferred to high-frequency vibra-
tions of the secondary vibration units (i.e., the piezoelec-
tric cantilevers), hence providing one frequency-robust
vibration energy harvesting solution in low-frequency
excitation scenarios. The primary challenge in such a
design is the method to avoid mechanical loss such as
that from impact. This frequency up-conversion tech-
nique was further pursued in the generator for low
and variable speed rotary machinery (Figure 39), the
ocean wave energy harvester for buoys (Figure 40) and
the broadband energy harvester by Wickenheiser and
Garcia (2010). Pairs of magnets or ferromagnetic struc-
tures were used to induce impulses to the beam and,
hence, transfer the mechanical energy without

contacting the elements, thus, avoiding any loss caused
by impact.

The frequency up-conversion technique can be more
significant in the design of micro-scale energy harvesting
devices, in which the resonance frequency of the struc-
ture can be at the level of 1 kHz, while the ambient
vibration frequency is generally below 100Hz. One
novel microvibration energy harvester using frequency
up-conversion was developed by Lee et al. (2007). As
shown in Figure 41, it consists of a sharp probe, micro-
ridges, a microslider, and a PB cantilever. The micro-
ridges were attached onto a microslider mechanism. A
probe tip attached on the edge of a piezoelectric canti-
lever traveled along the ridges to vibrate the cantilever.
In their experiment, such device could generate
225 mW/cm2 with 7 rectifications at 60Hz input fre-
quency, which was substantially larger than the conven-
tional resonance approaches.

Kulah and Najafi (2008) presented another design of
microelectromagnetic generator using frequency up-con-
version. Figure 42 shows the schematic of their proposed
generator. The top permanent magnet shown in
Figure 42(a) serves as the lower resonator, which can
be easily deflected in the 1!100Hz range due to its
large size and soft spring. The bottom resonator is a
cantilever beam (or array of beams) with a higher reso-
nance frequency. A magnetic tip on the beam could be
attracted by the top magnet to excite the beam. A coil
attached on the beam and the bottom permanent
magnet provided the electromagnetic current induction.
As the top magnet resonated in response to external low-
frequency vibration, the cantilever could be caught or
released at certain points, thus, resonating at its high
natural frequency (1!20 kHz).

The proposed system was designed and tested in
macro-scale (Figure 43(a)). Figure 43(b) shows the mea-
sured voltage output of the prototype. The device gen-
erated a maximum instantaneous power and voltage of
120 nW and 6mV at 64Hz, respectively. For micro-scale
implementation, it was expected that a maximum instan-
taneous power of 3.97 mW could be generated from a
single cantilever vibrating at 25Hz in vacuum. Within
the overall generator area of 4mm2, using series-con-
nected cantilevers could further increase the power
level. For the same ambient vibration frequency, the
generated power by using such up-conversion technique
was claimed to be more than two orders larger than a
conventional large mass/coil system.

Summary of Frequency Up-conversion

Frequency up-conversion can be implemented by
using a mechanical gear and by a two-stage design. By
using a gear (Priya, 2005; Rastegar and Murray, 2009),
the input frequency can be amplified, according to the
number of gear teeth. In the two-stage design, the low

Figure 39. Two-stage rotary generator.
Source: Rastegar and Murray (2009); copyright, SPIE.
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Figure 38. Schematic of the two-stage vibration energy harvesting
design.
Source: Rastegar et al. (2006); copyright, SPIE.
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response (Figure 46(a)) was similar to the response of a
linear system. However, at high excitation level, the
response curve was bent to the right (Figure 46(b)).
Thus, relatively large amplitudes persisted over a much
wider frequency range. However, such a device using
hardening mechanism can only broaden the frequency
response in one direction (the peak response shifts to
the right).
Stanton et al. (2009) proposed another monostable

non-linear device for energy harvesting through piezo-
electric effect. The device consists of a piezoelectric
beam with a magnetic end mass interacting with the
field of oppositely poled stationary magnets, as shown
in Figure 47. The system was modeled by an electrome-
chanically coupled Duffing’s equation similar to

Equation (7), except that the piezoelectric coupling
term !V should be added as we did in Equation (5).
By tuning the non-linear magnetic interactions around
the end mass (i.e., tuning the distance d ), both harden-
ing and softening responses may occur, as shown in
Figure 48, which allows the frequency response to be
broadened bi-directionally. In the experimental valida-
tion, a linearly decreasing frequency sweep was per-
formed for the softening case. The energy harvesting
performance of the non-linear configuration and the
linear configuration (i.e., with two stationary magnets
removed) was compared, as shown in Figure 49. The
results showed that not only a wider bandwidth, but
also a better performance could be obtained by the
non-linear energy harvester, as compared to the linear
configuration. The advantage imparted in the non-line-
arity depends on realizing the high-energy attractor
(Stanton et al., 2009). A linearly decreasing or increasing
frequency sweep can capture the high-energy attractor,
and, hence, improve the output power and bandwidth
for the softening and hardening cases, respectively.
Unfortunately, such conditions cannot be guaranteed
in practice. A momentary perturbation would be
required if low-energy branch manifests, but the requi-
site actuation energy was not addressed in their work.

Obviously, the wider bandwidth achieved in Ramlan
et al. (2010), Mann and Sims (2009), and Stanton et al.
(2009) and the performance comparison results between
the linear and the monostable non-linear devices are
conditionally validated. If the non-linear devices
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Figure 46. Experimental velocity response and theoretical predictions from forward (red dots) and reverse (green circles) frequency sweep
under two excitation level: (a) 2.1m/s2 and (b) 8.4m/s2.
Source: Mann and Sims (2009); copyright, Elsevier.
Note: Theoretical predictions include stable solutions (solid line) and unstable solutions (dashed line).

Figure 47. Schematic of the proposed non-linear energy harvester.
Source: Stanton et al. (2009); copyright, American Institute
of Physics.
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3.2.3 磁気復元力の計測実験
磁石間に働く磁気力 F (x (t))は独特の非線形ばね特性を示す．この問題に対して通常は磁石の仕様や形
状，設定条件などに基づいて,理論計算的に磁気復元力関数を特定する場合が多い.しかし，磁石の強さや
形状，寸法および使用外筒の材質，寸法に応じて磁力線分布にかなりの差異があり, その計測は容易ではな
く，実験結果との整合性やその性質の理解などにも問題が多い．そのため本研究では磁気ばねを試作し，磁
気力測定実験を行い実験データより磁気力とその磁気復元力関数を導出する．磁気力を計測するに当たっ
て，Fig. 3.4の実験装置を用いた．発電機本体は可動磁石の観察および加工の容易さを考慮してアクリル
材料を用いた．円筒の長さは 150mm，中央部 20mm間には 65回巻き 20層，計 1300回巻のコイルが設け
られている．コイルは直径 0.26mmのポリウレタン皮膜の銅線を用いており，回転方向は常に一定である．
また円筒内部の空気の流れをスムーズにし，空気抵抗を減少させるために空気抜き穴が両端にそれぞれ設
けられている．
円筒の両端にはそれぞれ固定磁石（NR098：2枚連結）が固定されており，内部には磁極の向きを反転さ

せた可動磁石（NE167：8枚連結）が内包されている．

!"#$%&'()*$+

,-./012

345(67$&'()*$+

,89:;10

9<.''
=4"7>9?..+@A*B

2.''
CDAE7"D&F"F$

C"A&G47$

Fig. 3.4 Experimental set up.

本研究では実験装置の両端固定磁石および可動磁石にそれぞれニ六製作所製 NR098ネオジム円柱型磁石，
二六製作所製 NE167ネオジム円筒型磁石を用いた Fig. 3.5 および Table 3.1にその仕様と概観を示す．ま
た，永久磁石の着磁方向は 1 方向両面着磁である．この実験装置を用いた実験の概要を Fig. 3.6 に示す．
直立した実験装置を固定し，株式会社東京試験機製小型卓上試験機 (TTN LSC-1/300)を用いて浮遊磁石
に加えた荷重と変位データを測定した．計測実験は次のような流れで行った．

• 卓上試験機のテーブル上に実験装置を垂直に置く．
• つりあって静止している状態の浮遊磁石にロードセルからつなげた非磁性体であるアルミ製丸棒を
徐々に近づけていき，磁石に触れたところで停止させ実験の開始点とした．

• 実験はロードセルに取り付けられている試験治具で固定した棒から，浮遊磁石に徐々に力を加えてい
き，加えた力と変位の出力データを試験機から A/D変換器を通じて PCに取り込んだ．浮遊磁石が
下部固定磁石に接するまで浮遊磁石を押しこんだ．

• 片側の計測終了後，上下反転させもう一度計測を行い，データ処理には MathWorks社 MATLAB
を用いた．
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Figure 2. Nonlinear restoring force of magnetic spring.

detection circuit would be necessary to extract the amplitude information from the measured instantaneous displacement

and/or velocity. Moreover, the averaging (or lowpass) behavior in such an amplitude detector can yield a slow convergence
to the entrained response.

In this paper, a switching law of the load resistance is modified to the one according to the instantaneous state variables,

not to the amplitudes of those. The mathematical model of the proposed energy harvester has a nonlinear energy dissipation

term, so that it can be considered as a van der Pol type self-excited oscillator. Therefore, the behavior of the energy harvester

may be mathematically described much simpler and understandable based on the standard theory of the forced entrainment.

A switching control law with thresholds for the displacement and the velocity is proposed, and appropriate selection of the

threshold is discussed, particularly focusing on the quickness of the convergence.

2. NONLINEAR ENERGY HARVESTERWITH SELF-EXCITATION CIRCUIT

2.1. Modeling and Steady-State Analysis

A nonlinear electromagnetic vibration energy harvester assumed in this paper is schematically illustrated in Fig. 1. It

consists of a plastic cylinder which has a pair of permanent magnets mounted at both ends and a movable permanent

magnet enclosed inside. The polarities of the magnets are set so that the movable magnet receives repulsive forces from the

fixed ones. Copper wire is wound outside the cylinder to make a solenoid coil that performs as the stator of the generator.

The three magnets comprise a magnetic hardening spring, and the center movable magnet not only acts as an inertial

mass but also provides moving magnetic flux through the coil. A charging circuit consisting of a rectifier, followed by a

PFC/DC-DC converter, is connected to the coil. The electric power inducted at the coil is transmitted through the circuit,
and delivered to the output load, or stored in a battery or a capacitor. In this paper, it is assumed that the charging circuit

and the output load can be equated with an equivalent load resistance R, and the power output can be evaluated as the

consumed power at R.

The equation of motion of the energy harvester subjected to a sinusoidal base excitation with a frequency of ω and an
acceleration amplitude of ua is given by

mẍ(t) +

{
c +

Φ2

R(x(t), ẋ(t)) + RG

}
ẋ(t) + F(x(t)) = −mua cosωt (1)

where x is the relative displacement of the mass, u is the input displacement, and m, c, Φ(x), RG and F(x) are the inertial
mass, the mechanical damping coefficient, the force factor of the electro-mechanical coupling between the moving magnet
and the coil, the internal resistance of the coil, and the nonlinear restoring force provided by the magnetic spring. In

the above equation, the load resistance R is represented as a function of x and ẋ which is described in the subsequent

subsection. Note that the force factor Φ is generally a function of the displacement x, but treated as a constant in this study
for the simplicity.

The instantaneous regenerated power is calculated as the power consumption at the load resistance R given by:

P(t) =
Φ2R(x(t), ẋ(t))

{R(x(t), ẋ(t)) + RG}2
{ẋ(t)}2 (2)

Comparison of bandwidth

■ One of the most promising approaches.!
■ Moving/ fixed magnets, repulsive force, induction coils.!
■ This config can provide a significant wider bandwidth than linear.
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Figure 3. Resonance curves of energy harvester for ua=0.1, 0.2 m/s2, derived by the averaging method. Grayed region indicates where
the steady-state response is unstable. Numerical solutions are plotted as circles which sufficiently agree with the averaged solutions.

In the previous study,6 the principle of forced entrainment of the self-excited oscillator was introduced to unstabilize

the small amplitude solution and to lead any response to the large amplitude solution, regardless of the initial conditions

and the disturbances. Specifically, a variable resistance element is introduced in the charging circuit which is switched

positive to negative when the response amplitude is smaller than a threshold, and vice versa. However, the definition

of the response amplitude would be ambiguous when the harvester shows transient responses. Some detection circuit

is necessary to extract the amplitude information from the measured instantaneous displacement and/or velocity of the
movable magnet. Moreover, averaging (or lowpass) behavior in such an amplitude detector can yield slow convergence to

the entrained response.

In this study, the load resistance is switched according to the instantaneous displacement and velocity. Such systems

are considered as the van der Pol type self-excited oscillator which has a stable limit cycle. The proposed switching law is

given by

R(x, ẋ) =

{
Rneg < 0 |x| < θx and |ẋ| < θv
Rpos > 0 otherwise

(8)

where θx and θv are the threshold values for the displacement and the velocity, respectively. The value of Rneg is determined
so that the damping coefficient in Eq. (1) (the coefficient of the second term in LHS.) becomes appropriate negative value.
The negative valued resistance is physically realized by using active circuit such as negative impedance converter (NIC).

The value of Rpos is determined appropriately to maximize regeneration performance.

The control law given by Eq. (8) can be interpreted as a switcher between the “excitation mode” and the “regeneration

mode”. When the response on the phase plane is inside the rectangular bounded by the thresholds θx and θv, the load
resistance is switched to the negative value, so that the power flow reverses from the charging circuit to the oscillator. This

is the excitation mode. Once the response goes outside the rectangular, the circuit turns to the regeneration mode, i.e., the

load resistance is switched to the positive value.

If there is no base excitation, the orbit of the oscillator converges to the limit cycle with intrinsic frequency, along

which the devoted and regenerated energy balances. When such a self-excited oscillator is subjected to sinusoidal base

excitation with a frequency close to the limit cycle frequency, the oscillator motion is entrained onto the excitation, and

moves to a slightly larger orbit, that is actually the large amplitude solution. It is possible to adjust the threshold values

so that the whole orbit of the entrained response lays outside the rectangular, which means that the response maintains the

regeneration mode once the entrainment is completed.

High-energy branch

Low-energy branch

Grayed region 
indicates where the 
steady-state response 
is unstable

5
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■ The set of initial conditions that lead to high-energy solution: blue!
■ The set of initial conditions that lead to low-energy solution: red
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Figure 4. Resonance curves of energy harvester with self-excitation for ua=0.1, 0.2 m/s2, derived by the averaging method. Threshold

values are θx=0.02 m and θv=0.2 m/s. Grayed region indicates where the steady-state response is unstable.
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Figure 5. Basin of large-amplitude solution (blue circles)

and small-amplitude solution (red circles) of energy harvester

without self-excitation, for ua=0.2 m/s2 and ω/(2π)=1 Hz.
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Figure 6. Basin of large-amplitude solution (blue circles)

and small-amplitude solution (red circles) of energy harvester

with self-excitation, for ua=0.2 m/s2 and ω/(2π)=1 Hz.

Figure 4 shows the resonance curves of the harvester with the self-excitation circuit derived from Eq. (7) for the input

acceleration ua of 0.1 m/s2 and 0.2 m/s2. Again, the grayed region is where the steady-state solution becomes unstable.

Compared with Fig. 3, one can see that only some part of the branch of the large amplitude solution remains stable, while

the whole branch of the small amplitude solution becomes unstable.

Figure 5 shows the basin of each solution, i.e., the set of initial conditions which converges to a specific stable solution,

for the harvester without the self-excitation. The figure shows the case in which the amplitude of the input acceleration

is 0.2 m/s2 and the excitation frequency is 1 Hz, and the blue and the red circles indicate that they converge to the large

amplitude solution and the small amplitude solution, respectively. Figure 5 implies that transitions from one solution to

the other may easily be triggered by disturbances because of the intricate structure of two basins. On the other hand, the

Basins of attraction of two solutions (attractors)!
at a certain Poincaré map.

Even if the system is 
responding in the high-
energy solution, it can 
easily drop down to the 
low-energy solution 
when subjected to 
disturbances.
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■ We have to think of some mechanism to maintain the response 
on the high-energy solution even if the disturbance pushes the 
response out of the solution. → Global stabilization!

■ Done by destabilizing the low-energy solution.!
■ Q: how it is realized? 

8

How can we keep the response large?

High-energy solution → must be globally stabilized

Low-energy solution → must be destabilized

A: use of principle of self-excited oscillation !
and forced entrainment
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excitation mode

■ Harvesting mode: normal harvesting circuit!
■ Excitation mode: self-excitation circuit with negative resistance!
■ Proposition: switch the circuit between harvesting/ excitation modes 

according to the displacement amplitude.!
!
!

■ This simple control law makes the system perform as self-excitation 
vibratory system, which is expected to yield “forced entrainment”.

9

Load resistance switching

m

u

Generator
Spring

x

c G RNIC

Figure 1. Cross-sectional drawing and outer appearance photograph of prototype harvester.

experimental study has not been presented. In this study, an experimental verification of the proposed concept is carried
out. A conceptual prototype of the magnetically sprung nonlinear electromagnetic harvester is designed and fabricated.
The system parameters are experimentally identified, and the Krylov-Bogoliubov averaging method is applied to derive the
theoretical solution in steady-state. The responses of the harvester subjected to sinusoidal excitations are experimentally
examined both in steady-state and transient situations to validate the effectiveness of the proposed concept of load resistance
switching.

2. PROTOTYPE DESIGN AND FORMULATION
2.1 Harvester Design
A prototype of the nonlinear vibration energy harvester is designed as a single-degree-of freedom mechanical resonator
with an electromagnetic transducer as schematically illustrated in Fig. 1. It consists of a plastic cylinder with a diameter
of 0.041 m, which has a pair of permanent neodymium magnets mounted at the both ends and a moving permanent
neodymium magnet enclosed inside. The moving magnet is guided in the axial direction by a plastic guide rod supported
by a pair of linear bearings. The resultant maximum stroke of the moving magnet is 0.023 m. The both ends of the guide
rod stick out from the cylinder so that the displacement of the moving magnet can be measured by a laser displacement
sensor by using the end section as a reflector. The polarities of the magnets are set such that the moving magnet receives
repulsive forces from the fixed magnets. As a result, the axial movement of the moving magnet is supported by a magnetic
spring that has significant hardening characteristics.

For the electromagnetic transduction, a copper wire is wound outside the cylinder to form a 500-turn solenoid coil fol-
lowed by another 500-turn coil in the reverse direction. This arrangement allows the moving magnet not only to perform as
an inertial mass of a nonlinear hardening vibratory system but also to act as an electromagnetic transducer. The transducer
is connected to the load circuit, through which the electric power induced by the transducer is transmitted and delivered
to the output load. For simplicity, it is assumed that the load circuit can be represented by an equivalent load resistance R
serially connected to the internal resistance of the transducer Rg; hence, the output power of the harvester can be evaluated
via the power consumption at the resistance R. The photograph of the prototype harvester is also shown in Fig. 1.

2.2 Load switching circuit
Since the nonlinear harvester described above has strong hardening characteristics, it has two stable steady-state solutions
in the resonance band. Because the initial conditions determine which solution emerges, it is difficult for this nonlinear
harvester to maintain the high performance of the power generation constantly. Masuda et al.6 applied the principle of self-
excitation and entrainment to realize the global stability of the highest-energy solution by destabilizing other unexpected
lower-energy solutions. They proposed to introduce a switching circuit of the load resistance between positive and the
negative values depending on the response amplitude of the harvester as follows:

R(a) =
{

Rpositive (a ≥ aθ); harvesting mode
Rnegative (a < aθ); excitation mode (1)

where a is the displacement amplitude of the harvester, and aθ is a threshold value. Rpositive is the load resistance, while
Rnegative is a negative resistance which performs as an energy source to excite the harvester. This control law imparts the
self-excitation capability to the harvester to perform an entrainment into the highest-energy solution.
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■ The set of initial conditions that lead to high-energy solution: blue!
■ The set of initial conditions that lead to low-energy solution: red
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Figure 4. Resonance curves of energy harvester with self-excitation for ua=0.1, 0.2 m/s2, derived by the averaging method. Threshold

values are θx=0.02 m and θv=0.2 m/s. Grayed region indicates where the steady-state response is unstable.
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Figure 5. Basin of large-amplitude solution (blue circles)

and small-amplitude solution (red circles) of energy harvester

without self-excitation, for ua=0.2 m/s2 and ω/(2π)=1 Hz.
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Figure 6. Basin of large-amplitude solution (blue circles)

and small-amplitude solution (red circles) of energy harvester

with self-excitation, for ua=0.2 m/s2 and ω/(2π)=1 Hz.

Figure 4 shows the resonance curves of the harvester with the self-excitation circuit derived from Eq. (7) for the input

acceleration ua of 0.1 m/s2 and 0.2 m/s2. Again, the grayed region is where the steady-state solution becomes unstable.

Compared with Fig. 3, one can see that only some part of the branch of the large amplitude solution remains stable, while

the whole branch of the small amplitude solution becomes unstable.

Figure 5 shows the basin of each solution, i.e., the set of initial conditions which converges to a specific stable solution,

for the harvester without the self-excitation. The figure shows the case in which the amplitude of the input acceleration

is 0.2 m/s2 and the excitation frequency is 1 Hz, and the blue and the red circles indicate that they converge to the large

amplitude solution and the small amplitude solution, respectively. Figure 5 implies that transitions from one solution to

the other may easily be triggered by disturbances because of the intricate structure of two basins. On the other hand, the

without control with control

Basins of attraction are drastically 
changed by introducing the proposed 
control law.

Basin of low-energy solution disappears. 
The high-energy solution has been 
globally stabilized.
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Experimental verification

■ Large-scale (L=23 mm, 100mW, 7.2 Hz) conceptual prototype!
■ Steady-state experiments!

– Forward/backward-swept sinusoidal excitation!
– Resonance curves!

■ Transient experiments!
– Impulsive disturbance
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Conceptual prototype (L=23 mm, 100 mW, 7.2 Hz)

Figure 1. Cross-sectional drawing and outer appearance photograph of prototype harvester.

experimental study has not been presented. In this study, an experimental verification of the proposed concept is carried
out. A conceptual prototype of the magnetically sprung nonlinear electromagnetic harvester is designed and fabricated.
The system parameters are experimentally identified, and the Krylov-Bogoliubov averaging method is applied to derive the
theoretical solution in steady-state. The responses of the harvester subjected to sinusoidal excitations are experimentally
examined both in steady-state and transient situations to validate the effectiveness of the proposed concept of load resistance
switching.

2. PROTOTYPE DESIGN AND FORMULATION
2.1 Harvester Design
A prototype of the nonlinear vibration energy harvester is designed as a single-degree-of freedom mechanical resonator
with an electromagnetic transducer as schematically illustrated in Fig. 1. It consists of a plastic cylinder with a diameter
of 0.041 m, which has a pair of permanent neodymium magnets mounted at the both ends and a moving permanent
neodymium magnet enclosed inside. The moving magnet is guided in the axial direction by a plastic guide rod supported
by a pair of linear bearings. The resultant maximum stroke of the moving magnet is 0.023 m. The both ends of the guide
rod stick out from the cylinder so that the displacement of the moving magnet can be measured by a laser displacement
sensor by using the end section as a reflector. The polarities of the magnets are set such that the moving magnet receives
repulsive forces from the fixed magnets. As a result, the axial movement of the moving magnet is supported by a magnetic
spring that has significant hardening characteristics.

For the electromagnetic transduction, a copper wire is wound outside the cylinder to form a 500-turn solenoid coil fol-
lowed by another 500-turn coil in the reverse direction. This arrangement allows the moving magnet not only to perform as
an inertial mass of a nonlinear hardening vibratory system but also to act as an electromagnetic transducer. The transducer
is connected to the load circuit, through which the electric power induced by the transducer is transmitted and delivered
to the output load. For simplicity, it is assumed that the load circuit can be represented by an equivalent load resistance R
serially connected to the internal resistance of the transducer Rg; hence, the output power of the harvester can be evaluated
via the power consumption at the resistance R. The photograph of the prototype harvester is also shown in Fig. 1.

2.2 Load switching circuit
Since the nonlinear harvester described above has strong hardening characteristics, it has two stable steady-state solutions
in the resonance band. Because the initial conditions determine which solution emerges, it is difficult for this nonlinear
harvester to maintain the high performance of the power generation constantly. Masuda et al.6 applied the principle of self-
excitation and entrainment to realize the global stability of the highest-energy solution by destabilizing other unexpected
lower-energy solutions. They proposed to introduce a switching circuit of the load resistance between positive and the
negative values depending on the response amplitude of the harvester as follows:

R(a) =
{

Rpositive (a ≥ aθ); harvesting mode
Rnegative (a < aθ); excitation mode (1)

where a is the displacement amplitude of the harvester, and aθ is a threshold value. Rpositive is the load resistance, while
Rnegative is a negative resistance which performs as an energy source to excite the harvester. This control law imparts the
self-excitation capability to the harvester to perform an entrainment into the highest-energy solution.

Figure 1. Cross-sectional drawing and outer appearance photograph of prototype harvester.

experimental study has not been presented. In this study, an experimental verification of the proposed concept is carried
out. A conceptual prototype of the magnetically sprung nonlinear electromagnetic harvester is designed and fabricated.
The system parameters are experimentally identified, and the Krylov-Bogoliubov averaging method is applied to derive the
theoretical solution in steady-state. The responses of the harvester subjected to sinusoidal excitations are experimentally
examined both in steady-state and transient situations to validate the effectiveness of the proposed concept of load resistance
switching.

2. PROTOTYPE DESIGN AND FORMULATION
2.1 Harvester Design
A prototype of the nonlinear vibration energy harvester is designed as a single-degree-of freedom mechanical resonator
with an electromagnetic transducer as schematically illustrated in Fig. 1. It consists of a plastic cylinder with a diameter
of 0.041 m, which has a pair of permanent neodymium magnets mounted at the both ends and a moving permanent
neodymium magnet enclosed inside. The moving magnet is guided in the axial direction by a plastic guide rod supported
by a pair of linear bearings. The resultant maximum stroke of the moving magnet is 0.023 m. The both ends of the guide
rod stick out from the cylinder so that the displacement of the moving magnet can be measured by a laser displacement
sensor by using the end section as a reflector. The polarities of the magnets are set such that the moving magnet receives
repulsive forces from the fixed magnets. As a result, the axial movement of the moving magnet is supported by a magnetic
spring that has significant hardening characteristics.

For the electromagnetic transduction, a copper wire is wound outside the cylinder to form a 500-turn solenoid coil fol-
lowed by another 500-turn coil in the reverse direction. This arrangement allows the moving magnet not only to perform as
an inertial mass of a nonlinear hardening vibratory system but also to act as an electromagnetic transducer. The transducer
is connected to the load circuit, through which the electric power induced by the transducer is transmitted and delivered
to the output load. For simplicity, it is assumed that the load circuit can be represented by an equivalent load resistance R
serially connected to the internal resistance of the transducer Rg; hence, the output power of the harvester can be evaluated
via the power consumption at the resistance R. The photograph of the prototype harvester is also shown in Fig. 1.

2.2 Load switching circuit
Since the nonlinear harvester described above has strong hardening characteristics, it has two stable steady-state solutions
in the resonance band. Because the initial conditions determine which solution emerges, it is difficult for this nonlinear
harvester to maintain the high performance of the power generation constantly. Masuda et al.6 applied the principle of self-
excitation and entrainment to realize the global stability of the highest-energy solution by destabilizing other unexpected
lower-energy solutions. They proposed to introduce a switching circuit of the load resistance between positive and the
negative values depending on the response amplitude of the harvester as follows:

R(a) =
{

Rpositive (a ≥ aθ); harvesting mode
Rnegative (a < aθ); excitation mode (1)

where a is the displacement amplitude of the harvester, and aθ is a threshold value. Rpositive is the load resistance, while
Rnegative is a negative resistance which performs as an energy source to excite the harvester. This control law imparts the
self-excitation capability to the harvester to perform an entrainment into the highest-energy solution.

Table 1. Parameters in mathematical model
Description Symbol Value
Maximum stroke L 0.023 m
Inertial mass m 0.506 kg
Mechanical damping c 1.3 Ns/m
Characteristic natural frequency ωL/(2π) 7.19 Hz
Internal resistance RG 52.5 Ω
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Figure 3. Experimentally identified functions F(x) and Φ(x).

2.4 Steady-State Solutions
The steady-state response of Eq. (2) is theoretically derived by using the Krylov-Bogoliubov averaging method. Represent-
ing the steady-state solution of Eq. (2) as x(t) = a cos(ωt + ϕ), application of the averaging method leads to the averaged
equations given by

ȧ = −a
2

Ce(a)
m
− ua

2ω
sinϕ (5)

ϕ̇ =
−mω2 + Ke(a)

2mω
− ua

2aω
cosϕ (6)

where Ce and Ke are the equivalent damping coefficient and the equivalent stiffness, respectively, defined as

Ce(a) = c +
1
π

∫ 2π

0

Φ(a cos θ)2 sin2 θ

R(a) + RG
dθ (7)

Ke(a) =
1
πa

∫ 2π

0
F(a cos θ) cos θdθ (8)

The steady-state amplitude a0 and the phase delay ϕ0 are derived as the equilibrium of Eqs. (5) and (6). Thus, the steady-
state amplitude a0 satisfies,

a0
2
[{
−mω2 + Ke(a0)

}2
+ {ωCe(a0,ω)}2

]
= m2ua

2 (9)

which defines the resonance curve for the given input acceleration amplitude ua. The stability conditions of the steady-state
response are derived from the eigenvalues of the Jacobian matrix of Eqs. (5) and (6).

3. EXPERIMENTS
3.1 Experimental setup and procedures
An experimental verification of this concept of global stabilization was carried out using an experimental setup schemati-
cally illustrated in Fig. 4. The prototype harvester described above was mounted on a single axis horizontal shaking table,
and the relative displacement response of the harvester was measured by a laser displacement sensor mounted on the table.
The shaking table was excited by a sinusoidal swept wave from 2 to 10 Hz with an acceleration amplitude fixed at 0.3 G.

Table 1. Parameters in mathematical model
Description Symbol Value
Maximum stroke L 0.023 m
Inertial mass m 0.506 kg
Mechanical damping c 1.3 Ns/m
Characteristic natural frequency ωL/(2π) 7.19 Hz
Internal resistance RG 52.5 Ω
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2.4 Steady-State Solutions
The steady-state response of Eq. (2) is theoretically derived by using the Krylov-Bogoliubov averaging method. Represent-
ing the steady-state solution of Eq. (2) as x(t) = a cos(ωt + ϕ), application of the averaging method leads to the averaged
equations given by

ȧ = −a
2

Ce(a)
m
− ua

2ω
sinϕ (5)

ϕ̇ =
−mω2 + Ke(a)

2mω
− ua

2aω
cosϕ (6)

where Ce and Ke are the equivalent damping coefficient and the equivalent stiffness, respectively, defined as

Ce(a) = c +
1
π

∫ 2π

0

Φ(a cos θ)2 sin2 θ

R(a) + RG
dθ (7)

Ke(a) =
1
πa

∫ 2π

0
F(a cos θ) cos θdθ (8)

The steady-state amplitude a0 and the phase delay ϕ0 are derived as the equilibrium of Eqs. (5) and (6). Thus, the steady-
state amplitude a0 satisfies,

a0
2
[{
−mω2 + Ke(a0)

}2
+ {ωCe(a0,ω)}2

]
= m2ua

2 (9)

which defines the resonance curve for the given input acceleration amplitude ua. The stability conditions of the steady-state
response are derived from the eigenvalues of the Jacobian matrix of Eqs. (5) and (6).

3. EXPERIMENTS
3.1 Experimental setup and procedures
An experimental verification of this concept of global stabilization was carried out using an experimental setup schemati-
cally illustrated in Fig. 4. The prototype harvester described above was mounted on a single axis horizontal shaking table,
and the relative displacement response of the harvester was measured by a laser displacement sensor mounted on the table.
The shaking table was excited by a sinusoidal swept wave from 2 to 10 Hz with an acceleration amplitude fixed at 0.3 G.

Guide rod
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Experimental setup
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Experiment #1: steady-state

■ Excite the harvester with sinusoidal swept waves in upward/ 
downward directions (ua=0.3 g).!

■ Experimental results are compared with!
– theoretical solutions derived from a mathematical model 

by averaging method;!
– numerical solutions derived from the mathematical model 

by MATLAB ode45 function.
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Results #1: Steady-state responses
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Experiment #2: transient

■ First excite the harvester in high-energy solution by sinusoidal 
wave in 6.6 Hz (ua=0.3 g).!

■ Hit the end of the guide rod by hammer to see the transient 
response to the impulsive disturbance.
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Transient response to impulsive disturbance

Response w/o control
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Transient response to impulsive disturbance

Response w/ control
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Transient responses

Response w/ controlResponse w/o control

Displacement Displacement

Switching signal Switching signal

Cumulative energy Cumulative energy
Time of energy recovery

↓hit ↓hit

←Excitation mode

↓Harvesting mode↓Harvesting mode
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Conclusions

■ In order to overcome the difficulty of coexistence solutions in a 
Duffing-type nonlinear energy harvester, a self-excitation 
technique is proposed.!

■ By switching the circuits between the harvesting and excitation 
modes, the proposed harvester can respond in the high-energy 
solution even subjected to the disturbance.!

■ The experimentally obtained steady-state response of the 
harvester well agreed with the solutions derived from the 
mathematical model. !

■ It was concluded from both the steady-state and transient 
experiments that the proposed load resistance switching 
successfully destabilized the low-energy solution and made the 
high-energy solution globally stable.


